MINIMAL CHARACTERISTIC BISETS AND FINITE GROUPS 
REALIZING RUIZ-VIRUEL EXOTIC FUSION SYSTEMS 



SEJONG PARK 



Abstract. Continuing our previous work [2], we determine a minimal left characteristic 
biset X for every exotic fusion system T on the extraspecial group S of order 7 3 and exponent 
7 discovered by Ruiz and Viruel [5J, and analyze the finite group G obtained from X by 
the method of [5] which realizes F as the full subcategory of the 7-fusion system of G. In 
particular, we obtain an upper bound for the exoticity index for J 7 . 

1. Introduction 

In our previous work [2], we observed that every saturated fusion system J 7 on a finite 
p-group S can be realized by a finite group G containing S as a subgroup, in the sense that 
T = J-5(G), i.e. the fusion system on S whose morphisms are the G-conjugation maps among 
subgroups of S. This observation lead us to propose the notion of the exoticity index e(J-) of 
T as the minimum of the values log p |So : S\ where S is a Sylow p-subgroup of G containing 
S as G runs over all finite groups such that T = Fs{G). With this definition, T is exotic 
if and only if e(J-") > 0, and e(J-") measures how far the fusion system J 7 is from being the 
fusion system of some finite group. In [2] the finite group G was constructed by using a 
finite S'-S'-biset X called a left characteristic biset of the fusion system J 7 as G = Aut(iX), 
i.e. the automorphism group of X viewed as a right S-set ignoring the left S'-action (or 
equivalently, restricting the left S'-action to the trivial subgroup, whence the subscript 1 on 
the left). Then we have 

G^SlJ: e{ x) where e{X) = \X\/\S\. 
The upper bound of the exoticity index e{T) of J 7 obtained from this G is as follows: 

e(X) 



e(F)<(e(X)-l)\og p \S\ + J2 



i>l 



P 



<e(X)(l + logJS1). 



As far as we know, no other method for constructing a finite group realizing a given saturated 
fusion system has been found. 

In this paper, we determine minimal left characteristic bisets for some saturated fusion 
systems J 7 on the extraspecial group S of order p 3 and exponent p including all exotic fusion 
systems on S discovered by Ruiz and Viruel [B], and thereby obtain finite groups realizing T 
which are the smallest among those obtained by the method of [2] described in the previous 
paragraph. 
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Theorem 1.1. Let p be an odd prime and let S be the extraspecial group of order p 3 and 
exponent p. Let J 7 be a saturated fusion system on S such that all subgroups of S of order 
p 2 are J- '-radical. Then there exists a unique minimal left characteristic biset X for J 7 , and 
we have 

e(X) = 2_Z_|Outjr(5)|. 
p — 1 

A more detailed version of this theorem is stated and proved in $5] as Theorem 15.21 and 
Remark 15.31 

The upper bound for the exoticity index of a Ruiz-Viruel exotic fusion system J 7 given by 
the above theorem is quite large. An extraspecial group S of order p 3 and exponent p affords 
exotic fusion systems only when p = 7, and in that case there are three of them with the 
order of the outer automorphism groups of 5" being 48, 72 and 96, respectively. The upper 
bound that we obtain for the case where | Oiatjj=-(<S') | = 48 is 425744, for example. 

A natural question that follows is whether we can cut down the group G to get a smaller 
upper bound for the exoticity index. By Alperin's fusion theorem, an obvious candidate is 
the subgroup H of G generated by the normalizers of the J-"-essential subgroups of S. After 
close analysis of some elements of the normalizers of J-"-essential subgroups of S, we find that 
even H is quite large, though this gives us a better understanding of the fusion action of G 
on S. 

Theorem 1.2. Let p be an odd prime and let S be an extraspecial group of order p 3 and 
exponent p. Let J 7 be a saturated fusion system on S such that all subgroups of S of order p 2 
are J 7 -radical. Let X be the minimal left characteristic biset X for J 7 given by Theorem \l.l[ 
Let G = Aut(iX) = S I £ e pn one? let H be the subgroup of G generated by the normalizers 
of the J 7 -essential subgroups of S. Then the image of H in £ e nn is a transitive subgroup of 

This theorem is proved in £J6] as Theorem 16.41 

Organization of the paper: In $21 we recall the definition of characteristic bisets for 
fusion systems and fix basic notations. We also compare notational conventions in the 
literature about bisets concerning fusion systems in Remark 12.61 In $31 we introduce the 
notion of layers of bisets and review some basic results about the number of fixed points 
which will be used in the subsequent sections. §4] contains a general result which determines 
the top two layers of a characteristic biset of any saturated fusion system. Using this result 
and detailed information of the saturated fusion systems on an extraspecial group S of order 
p 3 and exponent p in [6] , we determine minimal left characteristic bisets for saturated fusion 
systems T on S such that all subgroups of S of order p 2 are J-"-radical in £j5j A more detailed 
version of Theorem 11.11 is stated and proved in this section as Theorem 15.21 and Remark 15.31 
In £j6l we analyze some elements of the normalizers of J-"-essential subgroups of S and obtain 
Theorem 11.21 as a consequence. Finally in the Appendix [A], we determine coefficients of 
characteristic idempotents as an easy application of results in $4] and $51 

Acknowledgments: The author would like to express his special thanks to Ronald 
Solomon and Justin Lynd for very helpful discussions about the content of this paper and 
their warm hospitality whenever he visited The Ohio State University. 
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2. Characteristic bisets for fusion systems 



First let us fix notations. We keep the notations in our previous paper [2] and expand 
on them as needed. Our notations are largely compatible with (and in fact many of them 
derive from) those in jU[S], except that the directions of maps are inverted. See Remark 12.61 
for more details. 

Let Si, 5*2 be groups. An Si-S^-biset is a set X with left Si-action and right S 2 -action such 
that (ux)v = u(xv) for x G X, u G Si,v G S2. An Si-S^-biset X can be viewed as a (left) 
(Si x S < 2)-set via (u,v) ■ x = uxv~ l for x G X , u G Si, v G S2 and vice versa. Throughout 
this paper, we will go freely back and forth between SVSVbisets and (Si x S^-sets using 
this correspondence. That way, we can exploit the advantages of both perspectives. On one 
hand, bisets can be composed: if S3 is another group and Y is an S2-S3-biset, the set 

Xx S2 Y = (XxY)/~, 

where (xu,y) ~ (x,uy) for x G X, y G Y, u G S 2 , is an Si-S 3 -biset by the left action of Si 
on X and the right action of S3 on Y. On the other hand, X viewed as an (Si x S2)-set has 
the fixed-point subset X H = {x G X \ hx = x for all h G H} by any subgroup H < Si x S2, 
and the number of fixed-points \X H \ as H runs over all subgroups of Si x S2 determine the 
isomorphism type of X by Burnside's theorem. 

For a subgroup Q of Si and an injective group homomorphism <p: Q — > S 2; let 

SiX (Q ^S2 = (SixS 2 )/~ 

where (xu,y) ~ (x,<p(u)y) for x G Si, y G S2, u G Q, and let (x,y) be the ~-equivalence 
class containing (x,y). One can view this set as an Si-S2-biset by u ■ (x,y) = (ux,y), 
(x,y) ■ v = (x,yv) for x,u G Si, y,v G S2. It is a transitive Si-S2-biset with free left Si- 
action and free right S2-action. In fact, every such Si-S2-biset is of this form. Viewed as an 
(Si x S2)-set, it is isomorphic to 

(Si x S 2 )/A£ 

where Aq = {(u,ip(u)): u G Q}. 

Two transitive Si-S2-bisets Si X(q,^) S2 and Si X(r,^) S2 where Q, R < Si, <p: Q —> S2, 
R — > S2 are isomorphic if and only if Aq is conjugate to A^ in Si x S2, which in turn holds 
if and only if there exist x G Si, y G S2 such that X Q := xQx' 1 = R and ip o c x \q = c y o tp 
where c x : Si — > Si denotes the conjugation map by x given by c x (u) = xux~ x for u G Si, and 
c y is defined analogously. If this is the case, we say that ip and ip are Si-S 2 - conjugate, and 
write <p ^(5^52) ip- We write [<p] for the Si-S 2 -conjugacy class containing <p. More generally, 
we say that p is Si-S 2 -subconjugate to ip and write p> ~^{Sx,s 2 ) ip if there exist x G Si, y G S2 
such that X Q < R and ^ o c x \q = c y o y9 

Finally, for an Si-S2-biset X, Q < Si, and an injective group homomorphism ip: Q — > S2, 
let V X be the C}-S2-biset obtained from X where the left Q-action is induced by ip; let 
Q X := ( idQ )A. Equivalents, 

V X = (Q X(Q l( p) Si) x Sl X. 

For R < S 2 and an injective group homomorphism ip: R — > S 2 , Si-i?-bisets X^, and A fi are 
defined analogously. 

Definition 2.1. Let J 7 be a fusion system on a finite p-group S. A finite S-S-biset X is 
called a left characteristic biset for the fusion system J 7 if it satisfies the following conditions: 
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(A) Every transitive subbiset of X is of the form S X(Q<p) S where Q < S and ip G 

iioin.wa.s). 

(B) e(X) := \X\f\S\ £ mod p. 

(C) (left ^-stability) qX = V X as Q-S'-bisets for every Q < S and ip G Horn^Q, S). 

Similarly, X is called a right characteristic biset for J 7 if it satisfies the conditions (TAJ), (lB~|) . 
and 

(C) (right ^-stability) Xq = X^ as S-Q-bisets for every Q < S and ip G Homjr(Q, S 1 ). 

If X satisfies the conditions ( fA~|) . flBj) . flCj) and flC"]) . then X is called a characteristic biset for 
7". 

Throughout this paper, we will refer to the conditions in this definition by the symbols 
flU, (©, P and (EU. 

The following result, due to Broto, Levi and Oliver, is fundamental for this paper. 

Theorem 2.2 ([Tj 5.5]). Every saturated fusion system has a characteristic biset. 

Remark 2.3. [TJ 5.5] only states the existence of a right characteristic biset. But in fact what 
is constructed in the proof of [TJ 5.5] is a characteristic biset, as pointed out by Ragnarsson 
in the paragraph right before Proposition 4.4 in [4]. 

We define an object which will play a central role in this paper. 

Definition 2.4. Let J 7 be a saturated fusion system on a finite p-group S. A (left or right) 
characteristic biset X for T is called minimal if it has the smallest size among all possible 
(left or right) characteristic bisets for J 7 . 

Finally, we introduce the opposite operation, which is useful when comparing left and 
right stability. 

Definition 2.5. Let Si and 5 2 be groups. For an S^-S^-biset X, let X op be the SV-Si-biset 
which has the same underlying set as X and such that v ■ x ■ u — u _1 xv _1 for x G X, u G Si, 
v G S 2 . 

If X is a left (resp. right) characteristic biset for a fusion system J 7 , then X op is a right 
(resp. left) characteristic biset for J 7 . If Si, S 2 are groups, Q < Si and ip: Q — > S 2 is an 
injective group homomorphism, then 

(Si X (Q,¥>) S 2 )° P = S 2 X (^(Q),^- 1 ) Si 

See [51 §3.5] for a more discussion of this opposite operation. 

Remark 2.6. Our use of the terminology 'characteristic biset' derives from Ragnarsson [4], 
and Ragnarsson and Stancu [5], whereas Puig [31 Ch. 21] calls them basic sets. But our 
convention in which maps defining transitive bisets are directed from left to right is close to 
Puig's; Ragnarsson and Stancu use the opposite notations. More precisely, the correspon- 
dence between Ragnarsson and Stancu's notation and ours is as follows: 

[St x { ^) s 2 ] = HQl^fsl = ([QM%r > 

where the square bracket denotes the isomorphism class of bisets. Accordingly, our left (resp. 
right) stabilitiy corresponds to Ragnarsson and Stancu's right (resp. left) stability. 

4 



3. Layers of characteristic bisets and counting fixed-points 



Definition 3.1. Let S be a finite group. Let X be an S-S-biset with free left and right 
action of S. For each r > 0, let X r denote the 'r-th layer' of X, i.e. the union of the transitive 
subbisets of X of the form 

SX(Q !(p )S with \S : Q\ = p r , 

so that 

x = x h Xi n x 2 n • • • . 

Let X< r = IJo<i<r X i- 

A very effective way of studying finite sets with action of a finite group is counting the 
number of fixed-points by subgroups. Indeed it is a standard fact due to Burnside that, for 
a finite group G, two finite G-sets X and Y are isomorphic if and only if \X H \ = \Y H \ for 
aU H < G. 

First we make a simple, yet useful, observation. 

Lemma 3.2. Let J 7 be a saturated fusion system on a finite p- group S with a left or right 
characteristic biset X . 

(1) For U < S x S , we have X u ^ if and only if there is a transitive subbiset S x (q ^ S 
of X such that U is conjugate in S x S to a subgroup of Aq . In particular, U = 
for some R < S and ip G Homj-(i?, S). 

(2) |X A S| = |X^| if\S:Q\=pr. 

Proof. In general, if G is a group and H, K are subgroups of G, we have (G/H) K ^ if and 
only if K is G-conjugate to a subgroup of H. The lemma follows immediately from this fact 
and that the family of subgroups of S x S of the form Aq where Q < S and <p 6 Hom^O;, S) 
is invariant under conjugation in S x S. □ 

In the following lemma, we record what the stability conditions ([C]) and (IC 7 ]) in Defini- 
tion |2J] mean in terms of the number of fixed-points. It is a slight variation of 4.8], which 
reduces the number of equations to consider. 

Lemma 3.3. Let J 7 be a fusion system on a finite p-group S , and let X be a finite S-S- 
biset satisfying the condition Then the left stability condition §C§ is equivalent to the 

following condition: 

\X A Q\ = \X A *W\ for allQ<S,^e Horn^Q, 5); 

the right stability condition (jC 7 ]) is equivalent to the following condition: 

|X A «| = |X A «| for allQ<S, V e Hom^(Q, S). 

Proof. We consider the condition (10]) . the case for (jC 7 ]) being analogous. We have qX = V X 
if and only if \( Q X) H \ = \{ V X) H \ for all H < S x S. Since X satisfies the condition flX}, 
Lemma 13.21 implies that both (qX) h and ( V X) H will be empty unless H = A^ for some 

R < Q and ijj e Rom T (R,S). Now ( Q X) A t = X A «, while ( V X) A « = X A t°v . Thus 

Q X = ^X if and only if |X A «| = |X A *°«) | for all R < Q, if) e Rom^(R,S). The latter 

condition implies in particular (when R = Q and ip = tp) \X A Q\ = \X A ^~>\. Thus the 
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condition (JCJ) implies that |X A< 3| = |X A ^(Q)| for all Q < S, (p G Homjr(C}, S). Conversely, if 
|X A «| = |X A ^( < 3)| for all Q < S, tp G Homjr(Q, S), then the condition (|C|) holds, because 

\X A R\ = \X M R )\ = \X v(n) 
for all R < Q < S, xp G Rom T (R, S), ip G Horn^Q, 5). □ 
We recall the formula for the number of fixed-points of transitive bisets. 

Lemma 3.4 (j5j 3.10]). Let S be a finite group. Let Q,R < S, and let ip: Q — >■ S, ip: R — > S 

be infective group homomorphisms. Then 

\Q\ 



\((SxS)/A^t\ = ^\C s (m))\ 



where 

= {x E S \ X R < Q,3y e S : <p o c x \ R = c y o ■0}. 

Note that = unless ip ^j(s,s) V 9 - Also, A^, i¥ , = iV^, the largest subgroup of Ns(Q) to 
which can be extended. In the special case where Q = S, Lemma 13.41 takes the following 
form. 

Lemma 3.5. Let S be a finite group. Let R < S, and let a: S — >■ S , ip: R — >■ S be injective 
group homomorphisms. Then 

\((S x S)/A«)<\ = fl^^l' a ' 

I 0, otherwise. 

Proof. By Lemma El ((5 x S)/A%) a r ^ if and only if N^ a ^ 0, i.e. if there are x, y G S 
such that a o c x \r = c y o ip. Since a o c x = c a ( x ) o a, we have N^ >a ^ if and only if 
AW = S. " □ 



4. Minimal characteristic bisets up to index p subgroups 



In this section, we determine the coefficients of the top two layers Xq and X\ of a left or 
right characteristic biset X for a saturated fusion system J 7 . It is well-known that Xq has 
the following form. 

Proposition 4.1. Let X be a left or right characteristic biset for a saturated fusion system 
J 7 on a finite p-group S. Then there is a positive integer cq which is not divisible by p such 
that 

X = c ]J (Sx S)/A a s . 

[a]eOutjr(S) 

Proof. Write X = U[ a ,] 6 out J r(s) °a(S x S)/Ag where the c a are nonnegative integers. We 
have IXI/I^I = |Xo|/|5'| = J2 a c a mod p. Thus the condition (|B]) is equivalent to that 
J2 a c Q ^ mod p. In particular, there is (3 G Aut j-(S') such that > 0. Lemma 13.31 

implies that |X A s| = |X A s| for every a G Aut T (S). But |X A s| = \X^ S \ = c a \Z(S)\ by 
Lemma 13.21 and Lemma 13.41 Thus we have c a = Cp =: Co for every /3 G Autjr(5'). Then 
= J2 a c a = c 1 Out j?(S) | ^ mod p. It follows that c ^ mod p. □ 

To determine X\, we need the following definitions. 
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Definition 4.2. Let J 7 be a fusion system on a finite p-group S. Let Q < R < S and 

let ip G Autjr((5, S). We say that <p is extendable (in T) to R if there is a morphism 
■0 G Honijr(_R, S") such that ip = i/;\q. We say that ip is extendable if it is extendable to some 
subgroup of S properly containing Q; otherwise, we say that ip is nonextendable. Let 

Kom e / t (Q, S) = {<pe Homj-(Q, S) \ ip is extendable to R}, 

Hom f jr(Q, S) = {ip G Homj-(Q, S) \ <p> is extendable }, 

Hom^-(Q, S 1 ) = G Homjr(Q, 5)1 <£> is nonextendable }. 

Note that Hom^(Q, S) = [J Q<R < S Hom^(Q, S). Also, H\3:Q\=p, then Hom^ 5 (Q, S) = 
Uom' r (Q.S). 

The following proposition is implicit in [5[ 5.5]. 

Proposition 4.3. Lei X be a left or right characteristic biset for a saturated fusion system 
J 1 on a finite p-group S . Let <p G Hom^-(Q, S) for some Q < S . Then X has a transitive 
subbiset isomorphic to S X(q, v ) S. 

Proof. Assume that X is a left characteristic biset for J 7 ; the proof is identical when X is 
a right characteristic biset. By Lemma [3.3[ we have |A A Q| = |A A ^C3)|. By Proposition 14.11 

and Lemma [331 we have \X A ^Q)\ > \((S x S)/A^) A ^«) | > 0. Thus we have \X A Q\ ^ 0. 
Lemma 13.21 and the assumption that ip is nonextendable, it follows that X has a transitive 
subbiset isomorphic to S ^(q^) S. □ 

We denote by Hohijf(Q, S)/ ~(s , ,5) the set of ~(5 i 5)-equivalence classes of elements of 
Homj-((5, S). For instance, we have Outj-(S') = Autjr(S')/ ~(s , ,5). The following proposition 
is based on an important property of J-"-centric subgroups which can be found in [L, A. 8]. 
Both the proposition and the proof are crucial for many results in this paper. 

Proposition 4.4. Let J 7 be a saturated fusion system on a finite p-group S. Let Q < R < S 
be normal subgroups of S which are T -centric. Then restriction to Q induces a bisection 

Honi^i?, S)j ~ ( s,s)^> Hom^ R (<2, S)/ . 
In particular, if \S : Q\ = p, then we have 

Out^S) ^Hom^(Q,5)/~ (5 , 5) 

Proof. The given map is well-defined because Q < S. It is clearly surjective. To show that 
it is injective, let ip, if) G Homj-(i?, S) and suppose ip\q ~(s,s) ^\q- That means there exist 
x G Ns(Q) and y G S such that c y o ip\q = ip o c x \q. Since Q is ^-centric, we apply [U A. 8] 
to c y o tj)\ R and <p o c x \r (the latter is well-defined because R < S) and get z G Z{Q) such 
that c y o ip = ip o c x o c z \r. In other words, <p> ~(s,s) showing that the given map is also 
injective. □ 

Now we determine X\ of a characteristic biset X for a saturated fusion system, which 
amounts to solving a part of the system of linear equations given in [H 5.6]. 

Proposition 4.5. Let J 1 be a saturated fusion system on a finite p-group S. Let {Pi | 1 < i < 

n} be the set of subgroups of S of indexp. For each 1 < i < n, let {<Pij : Pi — > S | < j < rrii} 

7 



be a set of representatives of equivalence classes of JF ' -morphisms with domain Pi such 

that ififl = i Pi , the inclusion map Pi <-» S . Let X be a finite S-S-biset with 

X = c ]J (Sx S)/A a s 

[a]£Out^(5) 

for some positive integer cq which is not divisible by p. 

(1) If X is a right characteristic biset for J- ', then there is an integer c( > for each 
1 < i < n such that 

X^ ]J cf(SxS)/A^U ]J (c +pc?)(SxS)/A^. 

ipij extendable ip^ j nonextendable 

(2) If X is a left characteristic biset for T , then there is an integer > for each 
1 < i < n such that 

*i= II c?(SxS)/A^ {Pi) U U (c +pc?)(SxS)/A^ {Pi) . 

l<i,j'<n 1 <i,j <n 

ipi j extendable ip^ j nonextendable 

Proof. We prove (1) and obtain (2) by taking opposite of (1). Suppose that X is a right 
characteristic biset for 7. Write X 1 = JJ.^. c^' j) (S x S)/A P l : j where the c['^ are nonnegative 

integers. For each pair (i,j), we have \X p i \ — \X p j | by Lemma [3 .31 Since \S : P%\ = p, 

we have \X p * \ = \X 1 \ + \X 1 ' \ by Lemma [3 .2\ and 

\X Q Pl | = c ai tj \C s (fi,j(Pi))\, 

\xf r \ = cf' j) \((S x S)/A P ^\ = ^\J^ lCsM p M 

where 

%j = |{M e Out J r(5') I a\ Pi <Pij}\, 
by Lemma 13.41 and Lemma 13.51 Thus we have 

(coa^ + c^liV^I/l^l) \Cs(<PiAPi))\ = (c ai fi + c { l' 0) \N^ \/\P^ \C s (Pi}\. 

Case 1: (pij is extendable. Then <pij = a\ Pi for some a G Autjr(S'). Then Cs((fi j(Pi)) = 
C 5 (a(Pi)) = a(C s (P t )), so |C S (^(H))| = \C S (Pi)l Also N Vid = N^. = S.' Now if 
(5 G Autj-(S') and /3| P . ~(s,S) Wj, then a| Pi ~ ( 5 i5) 0\ P ., so (3' 1 o a\ p ~(s,S) idp. This shows 
that Oij = a i0 . Hence, we have c{'^ = c ( j l '°' ) =: c± . 

Case 2: ip id is not extendable. Then Pj and ipij(Pi) are J-"-centric by Alperin's fusion 
theorem. So \C s (<pu(PM\ = \Z(<p id (Pi))\ = \^{Z{Pi))\ = |Z(P,)| = |C S (P)|. Also 
N 9i , = Pi and A^, i0 = 5*. We have aij = since (p^ is nonextendable. On the other hand, 
suppose a\ Pi ~(s,s) ^P;, i-e. there is a G Autjr(S') such that a\ Pi = c x \ Pi for some x G S*. 
By [H A8], we have a = c x o c z for some z G Z(Pi), and so a ~(5,s i ) ids. Thus a ii0 = 1- 
Therefore, we have cj[ = c o +pc^. □ 
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5. Minimal bisets for Ruiz-Viruel exotic systems 



In this section, we determine minimal left characteristic bisets for Ruiz-Viruel exotic fu- 
sion systems j6]. In particular, we show that every Ruiz-Viruel exotic fusion system has a 
unique minimal left characteristic biset, and that in fact it is also a unique minimal right 
characteristic biset. 

First we review some of the results on the Ruiz-Viruel exotic fusion systems and fix 
notations. Throughout this section, let p be an odd prime, and let S be an extraspecial 
p-group of order p 3 and exponent p. Then S has center Z(S) = (z) of order p, and exactly 
p + 1 subgroups 

Vi = (z, m) (0<i<p) 
of order p 2 , which are elementary abelian and centric in S. Therefore, for any fusion system 
J 7 on S, all the V, are ^-centric. Let us fix the ordered basis (z, Ui) for Vi as an F p - 
vector space. Via this ordered basis we get an isomorphism Aut(Vj) = GL 2 (p). Then 

Ui := KvXs{Vi) = < ( „ * J > =: U < GL 2 (p). Set some subgroups of GL 2 (p) as 



v l / j 

*==«)={(; ;)}. r:={(* »)}, B: ={(° i 

and denote by Bi, Tj and Ri their isomorphic images in Autj-(T^). Note that T U R is a set 
of representatives of [/-[/-double cosets in GL 2 (p). 

Let J 7 be a saturated fusion system on S. By the extension axiom, we have 

Aut^VOnfl^Aut^Vi), 

Autr(Vi)-Bi = Aut^(^), 

for < i < p. Note that Autjr{V) is closed under left and right Auts(Vi)-action in Aut(Vj). 
Thus Autjr(V^) fl Tj is a set of representatives of extendable ^-automorphisms of Vi, and 
Autjr(V^) PI Ri is a set of representatives of nonextendable J-'-automorphisms of V,, both with 
respect to S'-S'-conjugacy. 

The subgroup Vi is ^-radical if and only if Autj-(^) contains SL 2 (p). In this case, we 
have 



Then 



Autj-(Kj) = SL 2 (p) : Ti for some Ti\{p— 1). 




Aut^) n i2i = | ^ ;,) | />'. / e ?,„ . -/,•/ 6 ■(/<"- J 1 
where F* = (//). In particular, we have 

lAutjr(^) n Ti = |Aut^(y<) nRi\ = (p- 

For later use, set Af = {(k,l) \ kl E (fi (p ~ 1)/n )}, A™ = {(k,l) | -kl E (/i^- 1 ^)}. 

We will consider saturated fusion systems J on 5 such that all Vi are J-"-radical. In 
particular, all exotic fusion systems on S have this property. We list all of them in the 
following table. 
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V 
f 


OutTrfS) 

IA.VJ- \^ J 


\ y I 1 




Group 


3 




2 2 


2 2 


2 F d (2)' 


3 




4 


2 


Ja 


5 




6 


4 


Th 


7 


D 16 x 3 


4,4 


2,2 




7 


6 2 : 2 


6,2 


2, 6 




7 


5^32 X 3 


8 


2 





Here IV^] denotes the size of the J r -conjugacy class of subgroups of 5* containing Vi. In the 
columns \Vf\ and r iy numbers corresponding to different J-"-conjugacy classes are separated 
by commas, and they are in the same order in these two columns. The column "Group" 
indicates finite groups realizing corresponding saturated fusion systems. An empty entry in 
this column means that the corresponding saturated fusion system is exotic. For example, 
when p = 7, the saturated fusion system on S with Outj-(S') — 6 2 : 2 has exactly two T- 
conjugacy classes of subgroups of order 7 2 . One of them consists of 6 subgroups of order 7 2 
and their automorphism groups are isomorphic to SL 2 (7) : 2; the other consists of 2 subgroups 
of order 7 2 and their automorphism groups are isomorphic to SL 2 (7) : 6 = GL 2 (7). This 
saturated fusion system is exotic. 

One observes that the numerical relation lOut^S 1 )! = (p— l^V^lrj is satisfied in all cases. 
This is not a coincidence, and indeed a special case of a more general phenomenon. 

Lemma 5.1. Let J 7 be a saturated fusion system on S. Suppose that Vi is T-radical for 
some 1 < % < p. Then we have 

f ■= |Q ^ ( f }l = \VT\rt = \{[a] G Outr(S) I <*(z) = z m }\ 

for any m G F* . 

Proof. By Proposition I4.4[ we have 

\Ontjr(S)\ = \Ram^Vi,S)/^ StS) \. 

We claim that 

\Rom^(V u S)/ ~ (S)5) | = |Vf | ■ |Aut^(K)/ ~ ( s,s) I- 
Indeed, if Vi =jr Vj, then there is a G Autjr(S') such that a(Vi) = Vj by Alperin's fusion 
theorem. Then composition with a induces a bijection 

Aut^)/ ~ ( s,s)4. {if G Hom^S) | ipiVi) = Vj}/ ~ (s , s) . 
Since this holds for every j with Vi =jr Vj, the claim follows. Since 

|Aut^)/ ~ (5>s) | = |Aut^) nTil = ( P -i)r h 

as we have observed previously in this section, the first equaltiy of the proposition follows. 

Now consider the restriction map Autj-(S') — > Autjr(Z(S)). Since inner automorphisms of 
S acts as the identity map on Z(S), this restriction map induces the group homomorphism 

Outjr(S') ->• Aut T (Z(S)), [a] h-> a\ z(s) . 
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fm \ 

For each m G F* , we have I _ _ x 1 G Aut^V^) as Aut^r(Vi) contains SL 2 (p), and hence 

there exists a G Autjr(S) such that a(z) = z m . For each pair m, n G F*, choose /3 G Autjr(S) 
such that 0(z) = z nm 1 . Then composition with defines the bijection 

{[a] G Outr(S) | a(z) = z m } — >■ {[a] G Out^S) | a(z) = z n }. 

Thus we get the second equality of the proposition. □ 

Now suppose that J 7 is a saturated fusion system on S such that all Vi are J-"-radical. 
Let us enumerate .F-morphisms between subgroups of S of index p up to S-S- conjugacy. 
Suppose Vi =jr Vj. By Alperin's fusion theorem, there is a G Autj-(S) such that a(Vi) = Vj. 
Then a(Z(S)) = Z(S) and a{ui) G Uj(z) for some < k < p. We normalize the notations 
for the sake of convenience as follows. Since Antj^(Vj) > SL^p), by composing a with some 
extendable J-'-automorphism of Vj and replacing Uj by a suitable power of Uj, we obtain 
ati t j G Autjr(S) sending z to z and U{ to Uj. We do this one by one for each .F-conjugacy 
class of the Vi in a compatible way. By composing elements of Autj-(Vi) PI Ri with ctij, we 
obtain nonextendable J-"-isomorphisms 

sending z to Uj and Ui to z l where (k, I) G A". The set 

{d; l j\Vi^Vj,(k,l)eAn 

is a set of representatives of nonextendable isomorphisms between index p subgroups of S 
with respect to S-S-conjugacy. Similarly we have a set 

{^j\V^V v (k,l)eAn 

of representatives of extendable isomorphisms between index p subgroups of S with respect 
to S'-S'-conjugacy, where 



sends z to z k and Ui to u l j. 



Then, by Proposition 14.51 if A is a right characteristic biset for T we have 
(A ) Ao-Co \\ (SxS)/A a s , 

[a]eOutjr(5Q 



(Xi) *i= II c»(SxS)/A^n II (c +pc«)(SxS)/A^, 

for some nonnegative integers c and such that p \ c . 

Now we consider J-"-maps between subgroups of order p. Since we are assuming that all Vi 
are J-"-radical, all elements of S of order p are J-"-conjugate. For elements £, £ G S of order 
p, let A^ := A^ where if: (£) — > (£) sends £ to £. Then the J-"-graph subgroups of S x S 
(i.e. subgroups of S x S of the form Aq for some Q < S and if G Homj-(Q, S)) of order p 
up to S x S-conjugacy are 

A^ where £ G {z, U;}o<;< P , ( G -j> m , u™}o<i< P ,l<m<p— 1 ■ 
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Thus 



(X 2 ) X 2 = H ct m \SxS)/AfU H c^* m \SxS)/A*™ 

l<m<p— 1 0<i<p 

l<m<p— 1 

l<m<p— 1 l<m<p— 1 



tor some nonnegative integers cJj ' ,03' , c 2 and c 2 
Now we can state the main result of this section precisely. 

Theorem 5.2. Let p be an odd prime and let S be an extraspecial group of order p 3 and 
exponent p. Let J 7 be a saturated fusion system on S such that all subgroups V% of S of order 
p 2 are J 7 -radical. Then there exists a unique minimal right characteristic biset X for J 7 given 
as follows: 



X = II (S x S)/A 

[a]eOutjF(S) 

X,= II {SxS)/A$ 
(fc,0eA™ 



a 

s- 



X2= II {f-r i ){SxS)/A u Jjl II f{SxS)/At 

l<m<p— 1 l<m<p— 1 



Moreover, X is a unique minimal left characteristic biset for J 7 and hence a unique minimal 
characteristic biset for J 7 . 



Proof. The proof is done by explicitly computing all right characteristic bisets for J 7 and 
showing that there is the smallest one among them. For this, let X be an arbitrary right 
characteristic biset for J 7 . The top two layers X and X\ of X are given as in QXqD and (|XlD 
by Proposition 14.51 Write X2 as in QX 2 | ). The coefficients of X 2 are completely determined 
by the system of equations 



|X A «| — |X A «|, £ G {z, Ui}o<i< p , ( G {^ m , MJ ^ }o<J■<p,l<m<p-l• 
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To solve this system of equations, first compute the numbers of fixed points of on transitive 
subbisets of X using Lemma 13.41 and Lemma 13. 5t 



\((SxS)/A^\ 



\({SxS)/A$) A i\ 



\((SxS)/A^) A l\ 



\((SxS)/A0\ 



P , 


if a(0 = (e(z) 




P , 


if a(0 e C(*) ^ (*> 




0. 


otherwise, 




i 

P , 


if (e,o = (z,z k ) 




P , 


if (e,o = («i,«5) 




o, 


otherwise, 




p 3 , 


if (6,0 = or 


(e,o = («i,2 


p 2 , 


if f = ^, C e (%) 




o, 


otherwise, 




p 5 , 


if e, c € («> 




1 

p , 






p 3 , 


if e ^ <*> ^ c- 





Adding up those numbers, we get the following result using Lemma I5.lt 



\X A 



A4 

1 



p 3 fc , \X «* | = \X A * | = 0, 
c p 2 |{[a]GOuV(S)|a( Mj )e^ m (2)}| 

pVo, if^^y,- 

0, otherwise, ' 



p 4 / E c S" 

0<«<p 



(i) 



\Xi k \=P 3 fco+p i fc? 



P 3 fc +P i r j c i ' 



0, otherwise. 



The second equality for \X Ui | needs more explanation. If there is a G Autjr(S') such that 
a(ui) G uf(z), then a(Vi) = Vj. Thus if V Vj, then {a G Out^S) | a(m) G uf (z)} = 0. 
Suppose Vi =jr Vj. Then by the extension axiom, there is a G Aut^(S) such that aiVj) = Vj. 
Then a{ui) G uUz) for some / ^ 0. Since Autj-(Vi) > SL 2 Qo), we may modify a so that 
a(ui) = u™ 1 . Then a(z) = z k for some k and there are choices for k. By [H A8], each 
choice of k determines a up to S'-S'-conjugacy. 
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Thus 



l*<i 



A z 



(0 



IX. 



<1 



A J 
I A <1 



Now |X A «| = |X A «| and |X Z 



0<i<p 



0, otherwise. 
I*<i I + c?' C) K(^ x S)/Aj)4 1. Thus 



cP|((S x S)/Ai) A t\ = c^\((S x S)/A^) A I| + (\X<1\ - \X<!\). 



a!. 



Then 



|X A * 


= \x A >\ 






|X A «* | 


= \X A ^\ 


:c 2 = 


= = : c ^)(if y^jr^), 


m 

|X A «* | 


= \X A ^\ 




= r jCo +^cS l) + c 2 Ul) (if V^^^-)> 




= \x A *\ 




p^ + a-r,) e <£>+/ E c ! ! 


|X A ^ | 


= \X A ^\ 


: pc 2 


= 4 Ul) -(/-r l )c -p(/-r l )cf ) . 



The only restriction on coefficients (other than p \ c ) is that they must be nonnegative 
because X is a genuine biset: 

PU>1, c«>0, 4 2) >0, ^^(/-^Co+M/-^?. 
Thus X is minimal if and only if 

Co = 1, 

and in this case 



o, 4 2) 



0, c^tf-rO, 



,(«i,uy) 



= Co 



(z,M™) 



if K: 



if ^ ^ 



0. 



The last statement follows from observing that the unique minimal right characteristic biset 
X is isomorphic to its opposite X op . □ 

Remark 5.3. Let us look more closely at numerical relations in the above minimal character- 
istic biset X. Let e := e(X) = (Xl/IS 1 ) and et := IX^/I^I (i = 0, 1, 2) so that e = e + ei + e 2 . 
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Let di = Ci/p l (i = 0, 1, 2). In other words, di is the number of transitive subbisets appearing 
in Xi. Then, using Lemma [5.1[ we see that 

d = \Out jr(S)\, 

d 1= Y, l*fl|A?|= E l^|(p-l)ri=(p+l)|Out^(5)|, 

0<«<p 0<i<p 

d 2 = YsU--r>)\Vf\(p-l)+ £ f(( P + 1) - \Vf\)(p - 1) = p(p + l)|Out^(S)|. 

0<«<p 0<i<p 

Thus 

e = d +pd 1 + p 2 d 2 = — | Out AS) | . 

p — 1 

We summarize all these numbers in the following table. 



V 


Outjr(5) 


1^1 




/ 


d 


d l 


d 2 


e(X) 


Group 


3 




2,2 


2,2 


4 


8 


32 


96 


968 


2 F 4 (2)' 


3 




4 


2 


8 


16 


64 


192 


1936 


J 4 


5 


4S 4 


6 


4 


24 


96 


576 


2880 


74976 


Th 


7 


D 16 x 3 


4,4 


2,2 


8 


48 


384 


2688 


134448 


< 425744 


7 


6 2 :2 


6,2 


2,6 


12 


72 


576 


4032 


201672 


< 638620 


7 


SD 32 x 3 


8 


2 


16 


96 


768 


5376 


268896 


< 851496 



Numbers in the column "Group" are the upper bounds of the exoticity indices obtained by 
minimal characteristic bisets. 



6. Finite groups realizing Ruiz-Viruel exotic fusion systems 

In this section, we analyze how the finite group G realizes fusion more closely, and as a 
consequence prove Theorem II .21 For this, the following basic double coset formula concerning 
restriction of bisets will be useful. 

Lemma 6.1 (jU §2]). Let S be a group. Let Q,R < S and let ip: Q — >■ S , ip: R — >■ S be 
injective group homomorphisms. Then 

4(SxS)/A*)= H (RxS)/Ap^ 
te[v(R)\s/Q] 

Let J 7 be a saturated fusion system on a finite p-group S with a left characteristic biset 
X. Let G = Aut(iX), i.e. the group of bijections of X preserving the right S'-action, and 
define 1: S — > G by l(u)(x) = ux for u G S, x G X. By our previous work [2], we know that 
1 is injective and T = F^gjiG). More precisely, let R < S and let ip G Homj-(_R, S). Then 
the left ^-stability of X implies that rX and ^X are isomorphic as i?-S'-bisets. Then any 
isomorphism of R-S-hisets g : rX ^> ^X viewed as an element of G realizes if) in the sense 
that ip(u) = gug~ l for all u G R. 
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In fact, we can be more precise about the element g G G. Let us recall the notations in 
|2]. Write 

n 

i=\ 

where Qi < S, ipi G Horn^Qj, S) for 1 < i < n. For each i, fix a set {tjjjjeJ; °f repre- 
sentatives of the left cosets of Qi in S. Set J = U" =1 J%- For each 1 < i < n, we have a 
decomposition of right S-sets 

S x (Qim) S = U( t *i'' S ')' 

where (iy, 5) := { (t^-, x) | x G S} is a regular right S-set for all j G Jj. So we have 

G := Aut(iX) = S?Sym(J), 

where Sym(J) denotes the symmetric group on the set J. 

Let G be the image of G in Sym(J) and use bar notation for images of subgroups or 
elements of G in Sym(J). Then each Jj is an S-orbit with |Jj| = |S : Qj\. In particular, we 
have | Jj| = 1 precisely when the corresponding .F-morphism tpi : Qi — > S is an automorphism 
of S. Suppose that the Qi are indexed so that \Qi\ > \Qi+i\ for all i. Then there are integers 
^ ^ n < rii < n 2 < ■ ■ ■ < n such that |S : Qi\ = p r for all i with n r < i < n r+1 . With this 
notation, S-orbits of J can be represented schematically as follows: 



[•Pi](no<i<ni) 



[(/3i](ni<j<n 2 ) [Vi]( n 2<i<n3) 



Each asterisk in the above diagram represents an element of the index set J. Left S-orbits 
of the asterisks are denoted by brackets, except for the first eight asterisks, each of which is 
a single left S-orbit. Each left S-orbit corresponds to a transitive subbiset of X of the form 
S X(Q i) i Pi ) S, and indexed by the S-S-conjugacy class of F-morphisms [<fi] determining it. In 
a left S'-orbit indexed by the S'-S'-conjugacy class of ^ : Qi — >■ S, each asterisk is indexed by 
a left coset of Qi in S. 

Remark 6.2. With the above notation in mind, suppose R < S, ip G Homjr(.R, S). Then 
R X = ^X, and by Lemma ISTTj 

^((s x s)/Ag) = II (i? x s)/a;^^, 

te[^(-R)\S/Qi] 

h((SxS)/AJ)s II (i?xS)/A 



£[ii\5/Qi] 



So one can find a bijective correspondence \i between the above transitive subbisets of rX 
and ,pX and a permutation /I G Sym(J) which respects /i, and construct an isomorphism of 
i?-S-bisets g : rX ^> ^X which, viewed as an element of G, realizes ip and such that g = Jl. 

Our focus is the behavior of the permutations g G Sym(J) associated with elements 
g G G realizing J-'-automorphisms of the J-'-essential subgroups of S. First we consider 
^-automorphisms of S. 
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Proposition 6.3. Let J 7 be a saturated fusion system on a finite p-group S with a left 
characteristic biset X . Let G = Aut(iX) and use the notations introduced above. Then the 
image of Autj^(S) in Sym(J) is transitive on := ]J{J« | |Jj| = 1}. 

Proof. J(°) is the union of singleton left 5-orbits of J, each corresponding to an outer auto- 
morphism of 5*. By Remark 16.2} for any a G Autjr(S') there is g G G which realizes a and 
such that g G Sym( J) sends the element of corresponding to [ids] to the element of 
corresponding to [a] because 

a ((S x S)/Af) = (Sx S)/A% oa 
for Qi = S. □ 



Now we can prove Theorem 11.21 which we restate here for the convenience of the reader. 

Theorem 6.4. Let p be an odd prime and let S be an extraspecial group of order p 3 and 
exponent p. Let J 7 be a saturated fusion system on S such that all subgroups of S of order p 2 
are J 7 -radical. Let X be the minimal left characteristic biset X for J 7 given by Theorem \l.l\ 
Let G = Aut(iX) = S I £ e po and let H be the subgroup of G generated by the normalizers 
of the J- '-essential subgroups of S. Then the image of H in £ e (x) is a transitive subgroup of 

Proof. We keep the notations of this section and §SJ We have 

H = (Aut^(S), Aut^(Vi) | 1 < % < n). 
The index set J of the symmetric group £ e pf) can be represented schematically as follows: 



r k, 

Wo, 



[<p. 



* * * 



* * * 



P-J' 



\ / 



By Proposition 16. 3[ we know that the image of Autj-(S') in Sym(J) is transitive on the union 
of singleton left S'-orbits of J corresponding to outer automorphisms of S. 

Now let ip = v?oo e Aut^(Vo) for some (r, s) G Aq. Recall that Z(S) = (z), Vi = (z,Ui) 
for < i < p. Let v G S such that [v, u ] = z so that v t u v~ t = z t u for all t. Then we have 
sets of left coset representatives as follows: 

[S/V ] = {v%< t < p ^, [S/Vil = K}o<t< P -i(* o), 

[S/(u )\ = {vV°}o< tl «,<p-i, [S/(ui)] = {ulz w } < t , w < p ^(i y£ 0). 

We have y Q X = V X as Vo-S'-bisets, and for each transitive subbiset of X, the two restrictions 
to Vq via the inclusion Vq c -» S and via (p are given as follows: 



Y 


v Y 


9 Y 


(S x S)/A1 


(Vo x S)/A^o 


(Vo x S)/A^ 


(S x S)/Af 


UVo(Vo x S)/Af° c " t 


UVo(V x S)/A<^ 


(SxS)/Af(i^0) 


(V x S)/Af ) 


(V x S)/A% } 


(S x S)/Af Q) 


UVo(Vo x S)/A% uq) 


U£%xS)/Al_ lufrlt) 


(SxS)/A u l } (i^0) 


V xS 


Vq x S 
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By comparing the size, we see that the transitive V-S'-subbisets in the first two rows of 
the above table are isomorphic to each other, and those in the third and fourth rows are 
isomorphic to each other. Among the transitive subbisets in the first two rows, we can 
determine isomorphic pairs by the extendability of the associated maps. In the column Vo Y, 
the maps a\y are extendable, while ip^'j o c v t are nonextendable. On the other hand, in the 
column pY, the maps a o ip are nonextendable, while the maps cp^'j o c v t o p> are extendable 
if t — and nonextentable if t ^ 0. Thus 

(V x S)/A%° = (V x S)/Ag>, 

k,l 



(Vb x S)/A«°* - (V x S)/A\ 



*Vo - I'll - ")l ^Vo 

k,l k,l 



(Vb x S)/A^ = (Vo x S)/A^~ (t, iVO). 



Similarly, 



(Vo x 5)/A^ = (V x S)/A^ 



(Vo x S-)/A^ Uo> = (Vb x S)/A^ r _ lufltl) (t,t> ? 0). 

Note that the numerical relations observed in Remark 15.31 guarantees that the numbers of 
transitive Vo-5-subbisets in the above list of isomorphisms do match up. This shows that 
for each (p G Autjr(Vo), there is an element g G Ng{Vq) which realizes ip and such that 
~g G Sym( J) respects the above list of isomorphisms of transitive Vo-S'-bisets. Schematically, 
~g can be represented as follows: 



JS * > * w 



l^o * *J ■■• * *J | ■•• ^» • »J »j [o o o ***** *J •■• (^O o o ***** *j 



O O O O O O O O" (•#*]-••(•**] I • • • (o o o) • • • (o o o) (•••******)•-•(•••******) I • • • 

where ~g sends solid dots, circles and asterisks in the first row to solid dots, circles and 
asterisks in the second row, respectively, inside each compartment divided by vertical lines. 
In particular, the images of Autj-(V)(1 < i < n) m Sym(J) merge left S'-orbits of J of 
different sizes into a single if-orbit. Together with the transitivity of the image of Autj-(S') 
in Sym(J) on the singleton left S-orbits, this shows that H is transitive on the whole index 
set J. □ 



Appendix A. Coefficients of characteristic idempotents 

In this section, we determine some coefficients of characteristic idempotents. The reason 
why we include this section in the paper is two-fold. First, as characteristic idempotents are 
determined by imposing only one additional idempotency condition [4, 5.5, 5.6] on virtual 
characteristic bisets with coefficients in Z( p ), this can be done without much effort using 
Proposition 14.51 and Theorem 15.21 More importantly, the information contained in this 
section can be useful for testing conjectures on the behavior of characteristic idempotents. 
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We follow Ragnarsson's notation [U [5] in this section. Let J 7 be a saturated fusion system 
on a finite p-group S. Let u = u>jr be the characteristic idempotent of T . As for characteristic 
bisets, let 

LU = U + UJi + ■ ■ ■ , 

where 

P<S [P, V ] 
\S:P\=p r 

(c[p jtp ](u) denotes the coefficient of the basis element [P, <p\ for uj.) Then the idempotency 
condition tells us that 

'l, if P = S 



Y °l p M ~- 

MeHom^(P,5)/~ (SiS) 

Using this, it is easy to see that 

w = c Y l S > a fs> 

[a]60utjr(5) 



0, if P < S 



where c 



i 



|Outjr(S)r 



Proposition A.l. Let T be a saturated fusion system on a finite p-group S . Let {Pi | 1 < 

i < n} be the set of subgroups of S of index p. For each 1 < i < n, let {<fi t j : Pi — >■ S \ 
< j < nii} be a set of representatives of ~(s,s)- equivalence classes of J- ' -morphisms with 
domain Pi such that ip ij0 = tp., the inclusion map Pi c — >■ S . Let 

df^ — |{1 < j < m i I fij is extendable}\, 
di — |{1 < j < m i I fi,j ^ nonextendable}\. 



Then 



where 



pi ; extendable (pi j nonextendable 



(e) _ rff (n) _ 

°* j(e) , >) C °' C * j(e) , An) C °' 

d\ + poQ d t ^ + pa- 



Proof. By Proposition I4.5[ we have 



i,j s.t. i,j s.t. 

ipi j extendable ipi j nonextendable 



where q , G Z( p ) such that 



(n) . (e) 

c i = c + pc ■ . 



The coefficients of U\ are determined by the idempotency condition: 



dfcf + < (n) cS n) = (1 < % < n) 
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Solving these equations for cf \ we get 



(n) 



Then 



c f ) = a i Co , □ 

For the next proposition, we use the notations of §0 

Proposition A. 2. Let p be an odd prime and let S be an extraspecial group of order p 3 and 
exponent p. Let J 7 be a saturated fusion system on S such that all subgroups of S of order 
p 2 are ^-radical. Then 



^ = ~Y+n E ^^ + YTv E M'fijte, 



<*=i£r E [».n- (p+1) ^_ 1) E 

^ l<m<p-l v ^ /vr 7 0<i<p 

l<m<p— 1 



P 



E [«".«?]+ E fe-Ffr) E k«" 



l<m<p— 1 l<m<p-l 



+ E E 

^ o<i< P v^v, 

l<m<p— 1 

where [£, £] := KO'V 9 ] ^t/i V 91 (£) — > (C) s,uc ^ y(0 = C- 
Proof. By Proposition IA.1| 



e ^,^1+ e 4 n) [^ai> 



(fc,0€A? (M)eA? 



where 



j( n ) j( e ) 

( e ) (n) _ a> 

/(e) j(e) 



So we only need to compute d\ , d\ to determine oj\ . By Lemma 15.11 we have 
df = Mj | Vi =r V,, (k, I) e A|}| = \vf\(p - i)n 1 



Co 

1 

c ' 



So 



dt ] = \y& I ^ =t V S , (k,l) G A™} I = \Vf\(p- l)n ' 



(e) _ Cp (n) _ C 
c i - --T - -• c l, C, 



1+P 1+P 
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Now we determine U2- By the proof of Theorem 15. 2 [ 



l<m<p— 1 0<i<p 

l<m,<p— 1 

fe«?)r mi , («i,«7*) r 



0<J<P 0<ij'<p 
l<m<p— 1 l<m<p— 1 



C 2 [Uij Uj j , 



where 



(*,* m ) _ (*,*) _. (*) 

_ J C 2 — . C 2 , II Vj =JF 

cjp + riCo + pnci, if V* v j, 



c 3 



C 2 Z ' Uj } = PC? + (/ ~ Tj) E Cl + / E Cl ' 

ct zm) = -ct" - - (/ - rOd. 

The coefficients of ix>2 are determined by the idempotency condition: 

0= £ c m e c { r>\ 

l<m<p— 1 0<j'<p 
l<m<p— 1 

0= £ 4-^+ £ (0<z<p). 

l<m<p— 1 0<j'<p 
l<m<p— 1 



Solving these equations, we get 



» _ P (m) _ _J r*_ 

p d — 1 — 1 p + 1 



Then 



c 2 = "i — 7 if Vi Vj t 
p 6 — 1 



^z.tty) _ > ilZ ™) P_ 

(p + l)(p 3 
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